In this paper, some properties of B-homomorphism are provided and the Second Isomorphism Theorem for B-algebras is proved. Furthermore, a sufficient and necessary condition for the product HK of subalgebras to be a subalgebra is proved.
Introduction
The concept of B-algebras was introduced by J. Neggers and H.S. Kim [3] . A B-algebra (X; * , 0) is an algebra of type (2, 0) , that is, a nonempty set X with a binary operation * and a constant 0) satisfying the following axioms: (I) x * x = 0, (II) x * 0 = x, and (III) (x * y) * z = x * (z * (0 * y)). In [1] , the notions of a subalgebra and normality of B-algebras were introduced and some of their properties were established. A nonempty subset N of a B-algebra X is called a subalgebra of X if x * y ∈ N for any x, y ∈ N. It is called normal in X if for any x * y, a * b ∈ N implies (x * a) * (y * b) ∈ N. A normal subset of X is a subalgebra of X. The notion of B-homomorphism was also introduced and the First and Third Isomorphism Theorems for B-algebras were proved. In this paper, we provide some properties of B-homomorphism and prove a necessary and sufficient condition for HK to be a subalgebra and the Second Isomorphism Theorem for B-algebras.
Some Properties of B-homomorphism
Let (X; * , 0 X ) and (Y ; * , 0 Y ) be B-algebras. A mapping ϕ:
A B-homomorphism ϕ is called a B-monomorphism, B-epimorphism, or Bisomorphism if ϕ is one-to-one, onto, or a bijection, respectively. An isomorphism ϕ: X → X is called a B-automorphism. Throughout this paper, X means a B-algebra (X; * , 0). Proof : Let X be a B-algebra.
i. Follows from the fact that a nonempty intersection of a system of subalgebras is a subalgebra.
ii. Let {N α : α ∈ A} be any nonempty collection of normal subalgebras of X.
Since a subalgebra is also a B-algebra contained in a given B-algebra, the following remark easily follows.
Remark 2.2
If N is a normal subalgebra of X, then N is normal for every subalgebra of X containing N.
For any x, y, z ∈ X, we have: [4] , and (P3) x * (y * z) = (x * (0 * z)) * y [3] .
Theorem 2.4 [2] Let N be a subalgebra of X. Then N is normal in X if and only if x * (x * y) ∈ N for any x ∈ X, y ∈ N. Definition 2.5 Let H, K be subalgebras of X. Define the subset HK of X to be the set HK = {x ∈ X : Then (X; * , 0) is a B-algebra [3] . Let H = {0, 3} and K = {0, 4}. Clearly, H and K are subalgebras of X. However, we see that HK = {0, 2, 3, 4} is not a subalgebra of X since 4 * 3 = 1 / ∈ HK.
In general, HK need not be a subalgebra. In the succeeding results, a necessary and sufficient condition for HK to be a subalgebra will be proved. First, we consider the following lemma.
Lemma 2.7 Let H and K be subalgebras of X. Then i. H ⊆ HK, KH and K ⊆ HK, KH,
(ii) and (iii) are easy.
The following theorem gives the necessary and sufficient condition for HK to be a subalgebra.
Theorem 2.8 Let H and K be subalgebras of X. Then HK is a subalgebra of X if and only if HK = KH.
Proof : Suppose HK is a subalgebra of X.
Since HK is a subalgebra, 0 * h ∈ HK by Theorem 2.3 and so x = k * (0 * h) ∈ HK. Thus, KH ⊆ HK. On the other hand, let x ∈ HK. Then 0 * x ∈ HK. Hence, 0 * x = h * (0 * k) for some h ∈ H, k ∈ K. Since H and K are subalgebras, 0 * h ∈ H and 0 * k ∈ K. Thus, by (P1) and (P2), we have
Conversely, suppose that HK = KH and let x, y ∈ HK.
Thus, by (P1), (P2), and (III), we have
In [3] , X is commutative if x * (0 * y) = y * (0 * x) for any x, y ∈ X. Proof : Let x, y ∈ NK. Then x = n 1 * (0 * k 1 ) and y = n 2 * (0 * k 2 ) for some n 1 , n 2 ∈ N and k 1 , k 2 ∈ K. Since N and K are subalgebras of X, n 1 * n 2 ∈ N and k 1 * k 2 ∈ K. By Theorem 2.4, n 2 * (n 2 * (k 1 * k 2 )) ∈ K. Therefore, by (I), (II), (III), and (P1), we have
Lemma 2.12 If N and K are normal subalgebras of X, then NK = KN is a normal subalgebra of X.
Proof : By Lemma 2.11 and Theorem 2.8, NK = KN is a subalgebra of X. Let x ∈ X and y ∈ NK. Then y = n * (0 * k) for some n ∈ N and k ∈ K. Therefore, by (I), (II), (III), (P1), (P2), and (P3), we have
Lemma 2.13 If ϕ: X → Y and ψ: Y → Z are B-homomorphisms, then ψ • ϕ: X → Z is also a B-homomorphism.
Assuming compatibility of functions so that composition is defined, the following corollary easily follows.
Corollary 2.14 The composition of B-monomorphisms is a B-monomorphism, the composition of B-epimorphisms is an B-epimorphism, the composition of B-isomorphisms is a B-isomorphism, and the composition of B-automorphisms is a B-automorphism.
Clearly, the identity mapping id X : X → X of a B-algebra X is an automorphism of X.
Given a B-homomorphism, the following lemma also holds.
Lemma 2.15 Let
iii. Let N is a normal subalgebra of X.
The Second Isomorphism Theorem for Balgebras
In [3] , if N is a normal subalgebra of X, then (X/N; * , The following theorem is labeled as the First Isomorphism Theorem for B-algebras and can be found in [1] .
The following theorem is labeled as the Third Isomorphism Theorem for B-algebras and can be found in [1] . 
Theorem 3.2 Let N and K be normal subalgebras of X, and let
This means that (X/K)/(N/K) in Theorem 3.2 is, indeed, well-defined.
The following proves the Second Isomorphism Theorem for B-algebras. Let N and K be subalgebras of X with K normal in X. By Lemma 2.10, N ∩ K is a normal subalgebra of N. Thus, N/(N ∩ K) is well-defined. By Lemma 2.11 and Theorem 2.8, NK = KN is a subalgebra of X. By Lemma 2.7(i) and Remark 2.2, K is normal in NK. Hence, NK/K is well-defined. 
